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Abstract
We apply the dynamical systems approach to ever-expanding Bianchi type VIII cosmologies
filled with a tilted γ-fluid undergoing velocity diffusion on a scalar field. We determine the future
attractors and investigate the late-time behaviour of the models. We find that at late times the
normalized energy density Ω tends to zero, while the scalar potential Φ approaches 1 and dominates
the evolution. Moreover, we demonstrate that in presence of diffusion fluids with γ < 3/2, which
includes physically important cases of dust (γ = 1) and radiation (γ = 4/3), are asymptotically
non-tilted; the velocity of the fluid with γ = 3/2 tends to a constant value 0 < V¯ < 1; and
stiffer fluids evolve towards a state of extreme tilt. Finally, we show that diffusion significantly
reduces the decay rates of energy density for dust and fluids stiffer than dust (γ ≥ 1); for example,
at γ = 4/3 (radiation) we obtain ρ/H2 ∝ e−3H0t at late times, while ρ/H2 ∝ e−4H0t when diffusion
is absent.
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I. INTRODUCTION
The aim of theoretical cosmology is to investigate possible physical and mathematical
properties of the universe. Anisotropic cosmological models, including the so-called Bianchi
cosmologies [1–3] are of great theoretical importance and have been an object of close stud-
ies; see e. g. [4–13], where these models have been considered using a dynamical systems
approach [14]. Special attention has been paid to determining the future asymptotic states
of Bianchi cosmologies and describing the late-time dynamics of these universes.
Type VIII universes are the most general ever-expanding Bianchi cosmologies and are
therefore of special interest. These models have been studied before [15–19]; in particular,
the late-time dynamics of the model with a tilted γ-fluid [20] has been investigated in [21].
Models where a cosmological fluid is involved into diffusional interactions with a scalar
field background can be considered as a generalization of models with a cosmological con-
stant [22, 23]. It has been shown, however, that models with diffusion can possess essentially
different late-time dynamical properties [24, 25]. Also, diffusion causes some interesting ef-
fects, which have been pointed out and studied numerically in FRW [23, 26], plane symmet-
ric G2 [24] and Bianchi class B [25] universes.
In the current work we make a combined analytical and numerical analysis with a clear
focus on the former. The aim of the paper is to confirm and generalize the results for Bianchi
cosmologies obtained in [25] and derive the expressions describing the asymptotic dynamical
features of the universe in the general case of an arbitrary fully tilted γ-fluid.
The paper is organized as follows. The evolution equations and constraints governing the
dynamics of the model are given in section II. In section III we briefly describe the future
asymptotic states of the model and also introduce some auxiliary variables. The obtained
results are presented in sections IV and V (the tilted and non-tilted case, respectively).
Asymptotic dynamics of the geometric variables is discussed in section VI. Summary is
presented in section VII.
II. EQUATIONS OF MOTION
The Einstein field equations modified to take diffusion into account can be written as
Rαβ − 1
2
gαβ + φgαβ = Tαβ. (1)
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The diffusion equations are
∇αT αβ = ∇α(φgαβ) = DJβ, (2)
Jα = kuˆα, (3)
∇αJα = 0, (4)
in terms of notations introduced in [25] (see also [22] for the background behind the diffusion
model). We are using the orthonormal frame formalism [27] and write the equations (1)-(4)
as a system of differential equations with algebraic constraints. The dimensionless time is
introduced by
dt
dτ
=
1
H
, (5)
where H is the Hubble scalar. The Hubble-normalized variables are then defined by
(Σab, Nab, Ra) = (σab, nab,Ωa)/H, (6)
(Ω,Φ) = (ρ, φ)/3H2, (7)
K = Dk/3H3. (8)
The normalized curvature Nab and shear Σab are parametrized by
Nab =
√
3


N1 0 0
0 N¯ +N− N23
0 N23 N¯ −N−

 , (9)
Σab =


−2Σ+
√
3Σ12
√
3Σ13√
3Σ12 Σ+ +
√
3Σ−
√
3Σ23√
3Σ13
√
3Σ23 Σ+ −
√
3Σ−

 . (10)
Using the approach proposed in [6, 21], we introduce the complex variables
N× = N− + iN23, Σ× = Σ− + iΣ23,
Σ1 = Σ12 + iΣ13, v = v2 + iv3.
(11)
The remaining gauge freedom represents a complex rotation:
φ : [N×,Σ×,Σ1,v] 7→ [e2iφN×, e2iφΣ×, eiφΣ1, eiφv]. (12)
Following [21], we use the gauge function to replace R1 with φ
′ and then introduce
R3 − iR2 =
√
3R, where
R = aΣ1 + bΣ
∗
1, a =
N¯2 −N21 − |N×|2
(N¯ −N1)2 − |N×|2 , b =
−2N1N×
(N¯ −N1)2 − |N×|2 . (13)
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As mentioned in [21], both of these functions are bounded and therefore well-defined for
tilted type VIII models; namely, |a| ≤ 1 and |b| ≤ 1.
The equations of motion are:
Σ′+ = (q − 2)Σ+ + 3Re(R∗Σ1)−N1N¯ − 2|N×|2 +
γΩ
2G+
(−2v21 + |v|2) , (14)
Σ′× = (q − 2 + 2iφ′)Σ× +
√
3Σ1R−
√
3N×(2N¯ −N1) +
√
3γΩ
2G+
v2, (15)
Σ′1 = (q − 2 + iφ′)Σ1 − 3Σ+R−
√
3Σ×R
∗ +
√
3γΩv1
G+
v, (16)
N′× = (q + 2Σ+ + 2iφ
′)N× + 2
√
3Σ×N¯ , (17)
N¯ ′ = (q + 2Σ+)N¯ + 2
√
3Re(Σ∗×N×), (18)
N ′1 = (q − 4Σ+)N1. (19)
The equations for the fluid are:
Ω′ =
Ω
G+
{
2q − (3γ − 2) + [2q(γ − 1)− (2− γ)− γS]V 2}+ K√
1− V 2 , (20)
Φ′ = 2(q + 1)Φ− K√
1− V 2 , (21)
v′1 =
[
T + 2Σ+ − (γ − 1)
√
1− V 2G+
γG−
· K
Ω
]
v1 −
√
3Re[(R+Σ1)v
∗] +
√
3Im(N∗×v
2), (22)
v′ =
[
T − Σ+ − i
√
3(N¯ −N1)v1 + iφ′ − (γ − 1)
√
1− V 2G+
γG−
· K
Ω
]
v
−
√
3(Σ× + iN×v1)v
∗ −
√
3(Σ1 −R)v1, (23)
V ′ =
V (1− V 2)
G−
[
(3γ − 4)− S − (γ − 1)G+
γ
√
1− V 2 ·
K
Ω
]
, (24)
K ′ =
(γ − 1)G+V 2
γ
√
1− V 2G−
· K
2
Ω
+
[
3q − V
2
G−
(3γ − 4− S)
]
K, (25)
where
q = 2Σ2 +
(3γ − 2) + (2− γ)V 2
2G+
Ω− Φ, (26)
V 2 = v21 + |v|2, (27)
Σ2 = Σ2+ + |Σ×|2 + |Σ1|2, (28)
S = 1
V 2
Σabv
avb, (29)
T = G−1−
[
(3γ − 4)(1− V 2) + (2− γ)V 2S] , (30)
G± = 1± (γ − 1)V 2. (31)
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The variables are subject to the following constraints:
1 = Σ2 +
1
4
N21 −N1N¯ + |N×|2 + Ω+ Φ, (32)
0 = 2Im(Σ∗×N×) +
γΩv1
G+
, (33)
0 = iΣ1(N¯ −N1) + iΣ∗1N× +
γΩ
G+
v. (34)
The state vector is considered to be
X = [Σ+,Σ×,Σ1,N×, N¯ , N1,Ω,Φ, v1,v, K] (35)
modulo the constraint equations (32)–(34). The dimension of the physical state space is
therefore eleven.
In the current paper we make an emphasis on analytical investigations of the system.
However, numerical calculations have been used to check and confirm the obtained results.
More precisely, we have performed the complete numerical integration of the system of
evolution equations (14)–(25) for different sets of initial conditions. The constraints were
used to control the errors and see when the numerical calculations break down (for numerical
runs we have chose to use the ’F-gauge’ given by φ′ = 0, see [6] for a detailed discussion on
different gauge choices).
III. THE FUTURE ASYMPTOTIC STATES
It was shown earlier in [23–25] that cosmologies with diffusion may recollapse when the
diffusion term is sufficiently large. Otherwise the models evolve towards the de Sitter state of
accelerated expansion. The ever-expanding models are of particular interest, and we restrict
our consideration to cosmologies of this kind.
Similarly to models with a positive cosmological constant, the future attractor for shear
and curvature is
[Σ+,Σ×,Σ1,N×, N¯ , N1] = [0, 0, 0, 0, 0, 0], (36)
the characteristic time scales of evolution being relatively small. This feature allows us to use
a reduced system when investigating the stability of equilibrium sets for the fluid variables.
In ever-expanding cosmological models with diffusion both the energy density Ω of the
fluid and the diffusion term K are asymptotically zero, while the scalar potential Φ → 1
5
and dominates the evolution at late times. Regarding the tilt, different situations V → 0,
V → V¯ , V → 1 are possible. To avoid mathematical difficulties, we introduce the following
auxiliary variables:
X =
K
Ω
(37)
for the case when the the fluid is not asymptotically extremely tilted, and
Y =
K
Ω
√
1− V 2 , U = 1− V
2 (38)
otherwise. The evolution equations for these new variables are obtained from equations (20)
and (24–25). Also, it is convenient to introduce
Φ = 1− f, V = V¯ + u, X = X¯ + x, Y = Y¯ + y (39)
to investigate the stability of the trivial equilibrium.
IV. RESULTS FOR A FULLY TILTED FLUID
A. Case 0 < γ ≤ 1
The late-time attractor is given by
[Ω,Φ, V,K,X ] = [0, 1, 0, 0, 0]. (40)
The eigenvalues of the linearized system
[λΩ, λf , λV , λK , λX ] = [−3γ,−2, 3γ − 4,−3, 3γ − 3] (41)
are all real and negative at 0 < γ < 1. At γ = 1 one obtains λX = 0; however, a
simple analysis shows that the equilibrium is stable and the leading-order approximations
6
are (hatted variables are certain constants):
Ω ≈


Ωˆe−3γτ , 0 < γ < 1;
Kˆτe−3τ , γ = 1;
(42)
Φ ≈


1− Φˆe−3γτ , 0 < γ < 2/3;
1− Φˆe−2τ , 2/3 ≤ γ ≤ 1;
(43)
V ≈ Vˆ e−(4−3γ)τ ; (44)
K ≈ Kˆe−3τ ; (45)
X ≈


Xˆe−3(1−γ)τ , 0 < γ < 1;
Xˆ
τ − τ0 , γ = 1.
(46)
In practice, however, it is necessary to take the higher-order terms into account to get an
accurate approximation for the late-time expressions for Ω and Φ. The role of higher-order
terms is largest in the following special ranges: at 2/3 < γ ≤ 1 for the potential, and in the
proximity of γ = 1 for the energy density. A closer investigation yields:
Ω ≈


Ωˆe−3γτ − Kˆ
3(1− γ)e
−3τ , γ close to 1;
Kˆτe−3τ + Ωˆe−3τ ; γ = 1;
(47)
Φ ≈


1− Φˆe−2τ − Ωˆe−3γτ + Kˆ
3(1− γ)e
−3τ , 2/3 < γ < 1;
1− Φˆe−2τ − Kˆτe−3τ − Ωˆe−3τ , γ = 1.
(48)
B. Case 1 < γ < 3/2
The attractor is
[Ω,Φ, V,K,X ] = [0, 1, 0, 0, 3(γ − 1)]. (49)
All the eigenvalues of the linearized system are real and negative in the given range of γ:
[λΩ, λf , λV , λK , λx] =
[
−3,−2, 2− 3
γ
,−3, 3− 3γ
]
. (50)
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The corresponding leading-order approximation is:
Ω ≈ Ωˆe−3τ ; (51)
Φ ≈ 1− Φˆe−2τ ; (52)
V ≈ Vˆ e−( 3γ−2)τ ; (53)
K ≈ Kˆe−3τ ; (54)
X ≈ 3(γ − 1) + Xˆe−3(γ−1)τ . (55)
Similarly to the case 0 < γ ≤ 1, considering higher-order terms is necessary to obtain
accurate approximations for Ω and Φ. The more precise asymptotic expressions valid for
the values of γ close to γ = 1 are:
Ω ≈ Kˆ
3(γ − 1)e
−3τ + Ωˆe−3γτ ; (56)
Φ ≈ 1− Φˆe−2τ − Kˆ
3(γ − 1)e
−3τ − Ωˆe−3γτ . (57)
C. Case γ = 3/2
In this case the fluid is asymptotically tilted, and the attractor is
[Ω,Φ, V,K,X ] = [0, 1, V¯ , 0, X¯], (58)
with X¯ =
3
√
1− V¯ 2
2 + V¯ 2
. (59)
The eigenvalues of the linearized system are
[λΩ, λf , λv, λK , λx] =
[
−3,−2, 0,−3,−3− 2V¯
2
2− V¯ 2
]
. (60)
A more detailed analysis confirms the stability of the equilibrium set with the late-time
dynamics described by
Ω ≈ Ωˆe−3τ ; (61)
Φ ≈ 1− Φˆe−2τ ; (62)
V ≈ V¯ + Vˆ e− 3−2V¯
2
2−V¯ 2
τ
; (63)
K ≈ Kˆe−3τ ; (64)
X ≈ X¯ + Xˆe− 3−2V¯
2
2−V¯ 2
τ
; (65)
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In contrast to the previously considered cases, the higher-order terms do not play a substan-
tial role.
D. Case 3/2 < γ < 2
The attractor is
[Ω,Φ, U,K, Y ] = [0, 1, 0, 0, 1], (66)
where U → 0 implies V → 1 : the tilt is asymptotically extreme. The corresponding
eigenvalues of the linearized system are real and negative at 3/2 < γ < 2:
[λΩ, λΦ, λU , λK , λY ] =
[
−3,−2,−4γ − 6
2− γ ,−
3− γ
2− γ ,−1
]
. (67)
The solution possesses a special feature in this range of γ; namely, the fluid velocity is
a slowly-varied function and cannot be treated as small with respect to constants. As a
result, the asymptotic regime arrives at extremely late times; the expressions one obtains
cannot serve as approximations at physical times. The dynamics of the variables can be
then characterized as exponential decay with tilt-dependent non-constant exponents. An
exception is the scalar potential, for which the expression
Φ ≈ 1− Φˆe−2τ (68)
still gives an appropriate description of the late-time behaviour.
V. RESULTS FOR A NON-TILTED FLUID
The attractor is
[Ω,Φ, K] = (0, 1, 0). (69)
The fluid velocity does not affect the leading terms at 0 < γ ≤ 3/2, so the expressions
for the tilted fluid obtained in sections IVA–IVC are also valid in the non-tilted case.
However, γ = 3/2 ceases to be a special point when the fluid velocity is identically zero.
The working approximation for 3/2 ≤ γ < 2 by this becomes
Ω ≈ Ωˆe−3τ ; (70)
Φ ≈ 1− Φˆe−2τ ; (71)
K ≈ Kˆe−3τ . (72)
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VI. ON THE LATE-TIME BEHAVIOUR OF THE GEOMETRIC VARIABLES
For general ever-expanding type VIII cosmologies with diffusion, the Ω-containing terms
do not affect the leading-order approximations at 0 < γ < 3/2. The future asymptotic
behaviour of the geometric variables in this range is given by
[Σ+,Σ×] ≈ [Σˆ+, Σˆ×] · e−2τ ; (73)
Σ1 ≈ Σˆ1e−3τ ; (74)
[N×, N¯ , N1] ≈ [Nˆ×, ˆ¯N, Nˆ1] · e−τ . (75)
However, at larger values of γ the Ω-term plays an important role in future asymptotics
of Σ1. An accurate study shows that at γ = 3/2 the relation (74) should be replaced by
Σ1 ≈ 3
√
3Ωˆv¯1v¯
2 + V¯ 2
τe−3τ + Σˆ1e
−3τ , (76)
while (73) and (75) still hold. At 3/2 < γ < 2 the situation becomes similar to that described
in section IVD. The shear Σ1 decays approximately exponentially, but due to the slowly-
alterating tilt the exponent cannot be treated as a constant. The asymptotic regime does
not arrive at physical times.
Note that said above is valid only for fully tilted models. For one-tilted (v = 0) and non-
tilted (V = 0) cosmologies the Ω-term in evolution equation for Σ1 is identically zero, and,
therefore, expressions (73)–(75) give a valid approximation in the whole range 0 < γ < 2.
VII. SUMMARY
The performed investigation shows that although cosmologies with diffusion are in some
aspects similar to those with a positive cosmological constant, the late-time behaviour of
these models can be substantially different.
The key result is that in presence of diffusion all fluids with γ < 3/2 are asymptotically
non-tilted. This range includes the cases of largest physical importance, namely dust (γ = 1)
and radiation (γ = 4/3). On the contrary, in the absence of diffusion only fluids less stiff
than radiation isotropize; radiation itself remains tilted in far future.
In cases when the fluid asymptotically becomes non-tilted the tilt decreases exponentially,
both with and without diffusion. However, the decay rates are equal only for dust and fluids
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less stiff than dust (γ ≤ 1). The velocity of fluids stiffer than dust decreases faster when
diffusion is present; at late times
V ∝


e−(4−3γ)τ , 1 < γ < 4/3, without diffusion;
e−(
3
γ
−2)τ , 1 < γ < 3/2, with diffusion.
(77)
Both in diffusive and diffusionless case the universes evolve towards a vacuum state. How-
ever, in presence of diffusion the asymptotic decay rates of energy density are substantially
reduced for fluids stiffer than dust:
Ω ∝


e−3γτ , 1 ≤ γ ≤ 4/3, without diffusion;
e−3τ , 1 < γ ≤ 3/2, with diffusion;
(78)
Dust becomes a special case when diffusion is present, the late-time dynamics of its energy
density being approximated by
Ω ≈ Kˆτe−3τ + Ωˆe−3τ . (79)
Regarding the scalar potential, diffusion does not affect the leading-order terms in the
asymptotic expression. However, the higher-order terms play an important role in construct-
ing a valid approximation in the proximity of γ = 1; the impact of diffusion on Φ is thus
substantial in this range.
The diffusion term itself decays exponentially in future; namely, at later times K ∝ e−3τ
in the range 0 < γ ≤ 3/2.
Finally, we should make an important remark. The characteristic time scales of evolution
are substantially extended for cosmologies passing close to the point of recollapsation. This
happens when the diffusion term is initially large enough [24, 25]. This means that the
asymptotic regime does not arrive at physical times and the approximations obtained in
this paper cannot in practice be applied to such universes.
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